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Abstract
Mixed graphs contain both undirected as well as directed links between vertices and therefore are an interesting model for
interconnection communication networks. In this paper, we establish the Moore bound for mixed graphs, which generalizes both
the directed and the undirected Moore bound.
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1. Introduction
Graphs considered in this paper are finite and mixed, i.e., they may contain (directed) arcs as well as (undirected)
edges.
Let v be a vertex of a mixed graph G. Denote by d−(v) (respectively, d+(v)) the number of arcs incident to
(respectively, from) v. We also call d−(v) (respectively, d+(v)) the number of in-neighbours (respectively, out-
neighbours) of v. Denote by id(v) (respectively, od(v)) the sum of the number of arcs incident to (respectively, from)
v and the number of edges incident with v. Denote by r(v) the number of edges incident with v (i.e., the undirected
degree of v). G is said to be locally regular if, for each vertex v of G, od(v) = id(v) (i.e., d−(v) = d+(v)). G is said
to be regular of degree d if od(v) = id(v) = d for every vertex v of G. A regular graph G of degree d is said to be
totally regular with undirected degree r and directed degree z = d − r if, for every vertex v of G, we have r(v) = r .
Let G be a mixed graph and let us denote by E(G) (respectively, A(G)) the set of all edges (respectively, all arcs)
of G. Conventionally, if A(G) = ∅ then G is simply an undirected graph and if E(G) = ∅ then G is a directed graph.
G is said to be a proper mixed graph if G contains at least one arc and at least one edge.
Let uv be an edge in G. For 1 ≤ l ≤ k, where k is the diameter of G, by N∗l (u) and T ∗l (u), we denote the multiset
of all vertices reachable from u using mixed trails of length exactly l and at most l, respectively. We use N∗(u) as
a shorter notation for N∗1 (u). For a subset S of the vertex set of a mixed graph, by N∗(S) we mean the multiset of
vertices reachable from the vertices of S using mixed trails of length exactly 1.
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Note that if E(G) = ∅ then N∗(u) is usually denoted by N+(u) (the set of out-neighbours of u) and if A(G) = ∅
then N∗(u) is usually denoted by N (u). In the case of a proper mixed graph where E(G) 6= ∅ and A(G) 6= ∅,
N∗(u) = N+(u)⋃ N (u).
For other relevant graph-theoretic concepts, please refer to [11].
Definition 1. A mixed graph G is said to be a T-graph if, for each ordered pair (u, v) of vertices of G (possibly
u = v), there exists in G exactly one mixed trail from u to v of length less than or equal to the diameter.
Note that T -graphs were also studied under the name strongly geodetic graphs [2,4,10]. Note also that for every
vertex u in a T -graph of diameter k, both N∗l (u) and T ∗l (u) (1 ≤ l ≤ k) are sets (i.e., every element has multiplicity
one).
The following theorem was proved by Bosa´k (Theorem 1 in [3]).
Theorem 1 ([3]). Every T -graph is either an undirected tree or a regular graph with a finite diameter.
A regular T -graph of a finite diameter is called a tied graph [2,4].
By the definition of mixed graphs, directed and undirected tied graphs are special cases of mixed tied graphs, where
the graphs under consideration admit either only arcs or only edges.
The order nd,k of an undirected graph of maximum degree d and diameter k is bounded above by theMoore bound
nd,k ≤ Md,k = 1+ d + d(d − 1)+ · · · + d(d − 1)k−1. (1)
If equality holds in Eq. (1) then the graph is called a Moore graph. For k ≥ 3 and d ≥ 3, Moore graphs do not
exist [1,6,7].
In a directed graph, od(v) is often called the out-degree of the vertex v. Similarly, the order n∗d,k of a directed graph
of maximum out-degree d and diameter k is bounded above by the directed Moore bound
n∗d,k ≤ M∗d,k = 1+ d + d2 + · · · + dk . (2)
If equality holds in Eq. (2) then the digraph is called a Moore digraph. Similar to the undirected case, Moore
digraphs do not exist for d > 1 and k > 1 [5,10].
For more information concerning extremal problems related to Moore bounds, both directed and undirected, refer
to the survey by Miller and Sˇira´nˇ [8]. It was shown in [10] that directed tied graphs of maximum out-degree d are
regular of degree d . Thus, with a simple counting argument, one can verify the following.
Theorem 2. Let G be a digraph. Then the following two assertions are equivalent.
(i) G is a Moore digraph of maximum out-degree d, diameter k and order M∗d,k;
(ii) G is a directed tied graph of maximum out-degree d, diameter k and order M∗d,k .
Similarly, in the undirected case, Bosa´k, Kotzig and Zna´m [4] have proved
Theorem 3 ([4]). Let G be an undirected graph. Then the following two assertions are equivalent.
(i) G is an undirected Moore graph of maximum degree d, diameter k and order Md,k;
(ii) G is an undirected tied graph of maximum degree d, diameter k and order Md,k .
Theorems 2 and 3 show that Moore digraphs (respectively, graphs) are directed (respectively, undirected) tied
graphs.
However, in the case of proper mixed graphs, such definitive equivalence between the two classes, namely “proper
mixed Moore graphs” and “proper mixed tied graphs”, is by no means obvious.
Theorem 1 shows the regularity of all T -graphs. However, it is not strong enough to establish a numerical bound
on the number of vertices of T -graphs. In the next section, we prove a stronger result of Theorem 1, showing that all
T -graphs are also totally regular. This result helps us to establish the “mixed Moore bound” for mixed graphs, which
generalizes both directed and undirected Moore bounds.
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2. The mixed Moore bound
Note that we only need to consider ‘proper mixed’ tied graphs. We observe the following.
Observation 1. Let G be a strongly connected proper mixed graph of degree d ≥ 1 and diameter k ≥ 2. Then there
exists a vertex u ∈ V (G) such that r(u) ≥ 1 and z(u) ≥ 1.
Lemma 1. Let G be a proper mixed tied graph of diameter k ≥ 2 and let uv be an edge of G such that the directed
degree of u or v is nonzero. Then r(v) = r(u).
Proof. It follows from Theorem 1 that G is regular. Let z, z′ be the directed degrees of u and v, respectively. By our
assumption, we have z > 0 or z′ > 0. We shall show that z′ = z. Let us assume, without loss of generality, that
0 ≤ z′ < z. We denote by u1, . . . , uz the out-neighbours of u. Let us consider vertex u1. It is easy to see that v is at
a distance k from u1, since otherwise there would be at least two different mixed trails of length at most k from u to
v. Let T be the trail of length k from u1 to v and v′1 be the vertex preceding v on T . Then v′1v is an arc from v′1 to v
in G because if v′1v were an edge then there would be at least two different mixed trails of lengths at most k from u
to v′1. By repeating the argument for the other z − 1 out-neighbours of u, we obtain additional z − 1 in-neighbours
v′2, . . . , v′z of v. Clearly, the vertices in the set S = {v′1, . . . , v′z} must be all different since otherwise vertex u could
reach at least one vertex in S using two different mixed trails of length k. As a consequence, we have z′ ≥ z. But this
contradicts our assumption. Therefore, z′ = z and, by Theorem 1, the result follows. 
Lemma 2. Let G be a proper mixed tied graph of diameter k ≥ 2 and let uu1 be an arc from u to u1 in G. Then
r(u1) = r(u).
Proof. Since G is regular (see Theorem 1), let z (respectively, z′) be the directed degree of u (respectively, u1). Let us
first consider the case when z = 1. This means that z′ ≥ 1. Let N (u) = {u2, . . . , ud}. Since there is already a trail of
length two from each ui (2 ≤ i ≤ d) to u1, there is no arc incident from vertices in⋃di=2 T ∗k−1(ui ) to u1. In addition,
there is no arc incident from T ∗k−1(u1) to u1. Therefore, z′ = 1 and, consequently, r(u) = r(u1).
Let us now suppose that z is at least two and let N+(u) = {u1, u2, . . . , uz} be the out-neighbours of u. It is not
difficult to see that the distance from ui (2 ≤ i ≤ z) to u1 must be exactly k. This is because otherwise there would
be at least two different mixed trails of lengths not exceeding k from u to u1. Moreover, let ui1 (2 ≤ i ≤ z) be the
vertex preceding u1 on the trail of length k from ui to u1. We can see that ui1u1 must be an arc since otherwise there
would be at least two different mixed trails of lengths not exceeding k from u to ui1, namely u → ui · · · ui1 and
u → u1 − ui1, which is impossible. Obviously, the z vertices in set S = {u, u21, . . . , uz1} are distinct. Otherwise,
there would be at least two different mixed trails of lengths at most k from u to a vertex in S. Thus, z′ ≥ z.
We shall now show that z′ = z. Let us suppose, by contradiction, that z′ ≥ z + 1. Then there exists some in-
neighbour v1 of u1 such that v1 ∈ (V (G) \ S). Let N (u) = {uz+1, . . . , ud}. Since the diameter of G is k, v1 must
occur in
⋃d
j=1 T ∗k−1(u j ). Clearly, v1 6∈ T ∗k−1(u1). But then if v1 ∈ T ∗k−1(u j ) for some 2 ≤ j ≤ z, there would exist at
least two different mixed trails of lengths not exceeding k from u j to u1, namely ui . . . u j1 → u1 and ui . . . v1 → u1.
This clearly contradicts Definition 1. So v1 must occur in a set T ∗k−1(uh) (z + 1 ≤ h ≤ d). This, however, is also
impossible because then there would be at least two different mixed trails of maximum length k, namely uh−u → u1
and uh . . . v1 → u1, from uh to u1.
Therefore, by Theorem 1, the lemma follows. 
Combining the results of Theorem 1, Lemmas 1 and 2 we derive the following
Theorem 4. Let G be a tied graph of order n, degree d and diameter k ≥ 2. Then G is a totally regular graph. If z is
the directed degree of G and r is the undirected degree of G, then n = Mz,r,k = 1+ (z + r)+ z(z + r)+ r(z + r −
1)+ · · · + z(z + r)k−1 + r(z + r − 1)k−1.
Corollary 1. Let G be a mixed graph of diameter k, maximum degree d and maximum out-degree z. Let r = d − z.
Then the order n of G is bounded by
n ≤ Md,z,k = 1+ d + zd + r(d − 1)+ · · · + zdk−1 + r(d − 1)k−1. (3)
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Fig. 1. Moore bound for mixed graphs.
Fig. 2. The Bosa´k graph.
Fig. 1 illustrates the Moore bound for mixed graphs of diameter k, maximum degree d and maximum out-degree
z.
We shall call Md,z,k the mixed Moore bound for mixed graphs of maximum degree d , maximum out-degree z and
diameter k. A mixed graph of maximum degree d , maximum out-degree z, diameter k and order Md,z,k is called a
mixed Moore graph.
Note that Md,z,k = Md,k when z = 0 and Md,z,k = M∗d,k when d = z.
We summarize the above results in the following theorem.
Theorem 5. Let G be a mixed graph. Then the following two assertions are equivalent.
(i) G is a mixed Moore graph of maximum degree d, maximum out-degree z, diameter k and order Md,z,k;
(ii) G is a mixed tied graph of maximum degree d, maximum out-degree z, diameter k and order Md,z,k .
Note that proper mixed Moore graphs do not exist for k ≥ 3 (see [9]). For k = 2, the known proper mixed Moore
graphs are the Kautz digraphs and the Bosa´k graph (see Fig. 2). However, the problem concerning the existence of
many proper mixed Moore graphs of k = 2 still remains open (see [3,9]). Since mixed Moore graphs of diameter
k ≥ 3 do not exist, it is natural to ask the following question.
Problem 1. Construct (totally) regular proper mixed graphs of degree d ≥ 2, out-degree z ≥ 1, diameter k ≥ 3, with
the largest possible number of vertices.
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